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It is shown that there is a unique Siegel theta series of degree 2 for extremal even 
unimodular lattices in dimension N for N = 32, 48, 56. For N = 40 a question of 
Ozeki (J. Number Theory 28 (1988), 119-131) is answered. 0 1990 Academic press, IX. 
Let V be a positive definite quadratic space over Q of dimension N with 
quadratic form Q and bilinear form B such that Q(X) = fB(x, x). 
Let /i be an even unimodular lattice of rank N; then necessarily 8 divides 
N. Furthermore let n be an extremal lattice, i.e., minxpn,x+o Q(x) = 
[N/24] + 1. 
Such lattices are classified in dimensions- 8, 16 and 24 (namely Es resp. 
Oi6 and E, 0 Es resp. the Leech lattice), and it is known that such lattices 
exist furthermore in dimensions 32, 40, 48, 56, 64, that they do not exist in 
dimensions ~41,000, the dimensions from 72 up to 41,000 being 
open [l]. 
Consider now the Siegel theta series of degree 2 for -4, 
e2ni(Q(x)r + B(x, y); + Q(y)?‘, 
with T, r’ E H (upper half plane), z E C, lm(z)’ < lm(r) lm(r’). $2’ is a Siegel 
modular form of degree 2 and weight k = N/2 for the full Siegel modular 
group Sp,(Z), abbreviated 9y) E Mp’. 
Denote for k>4: &k(Z) :=Cfc,oJ det(CZ+D)-k, (the so-called 
Eisenstein series of weight k) where Z = (: :,) as above, the summation 
running over all non-associate pairs of coprime matrices C, DE 
M(2 x 2, Z). Denote by s,JZ) the normalized Eisenstein series. 
As shown by Igusa [3], the ring MV’ of Siegel modular forms of 
degree 2 and weight k is generated over @ by 
E4, Ee> EIOY E12 
58 
0022-314X/90 $3.00 
Copynght 0 1990 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
SIEGEL THETA SERIES 59 
or (equivalently) by 
where 
x10= C(&4%-&10) 
x1* = ~‘(441s: + 250~2, - 691&i,) 
are (normalized) cusp forms of weight 10 resp. 12. Since for extremal 
lattices A i , A, of the same dimension N the ordinary theta series coincide, 
we have S!f,)(Z) - S’,:‘(Z) E tip’ (the space of Siegel cusp forms of degree 2 
of weight k = N/2). 
PROPOSITION. There is a unique Siegel theta series of degree 2 for 
extremal even unimodular lattices in dimension N for N = 8, 16, 24, 32, 48, 
56 (andfor N = 12, 96 ifextremal lattices of these dimensions exist). 
Proof: Let N = 48. Let A,, A, be extremal lattices such that 
g(2) - 9y; E & $24). Igusa’s theorem gives explicitly A2 
~~~-~~~=C,E~E~~~~+C~E~X~~+C~E~X~~+C~E~XTO+C~X~~. 
Since ni do not represent 1, we have a(1, 1, l)=a(l, l,O)=a(l, 2, l)=O, 
where a(n, m, r) = # {(x, y) E A x /i I Q(x) = n, Q(y) = m, B(x, y) = r >; we 
get using the explicit Fourier coefficients of ak, xlo, xl2 [3, 6) that 
cl = c2 = c3 = 0. Since Ai do not represent 2, we have a(2,2,2) = 
a(2, 2, 1) = 0, and similar calculations give c4 = cg = 0, so that $y,’ = $yi. 
Considerations for the other dimensions are similar. 
The situation is different in dimensions N = 40 and 64 (and N = 80, 88, 
3 104 if extremal lattices exist). For N = 40 
q - 9:; = cxIo (*) 
and Ozeki [4] constructs examples with different constants c # 0; he poses 
the question whether c is an invariant for the equivalence class of the 
lattice. We show that this is not the case: From (*) we get, comparing 
Fourier coefficients, 
a,,(2, 2, 2) - a,,(2, 2, 2) = c. 1. 
Let ~,,~~(12):=(x~AlQ(x)=2,B(x,y)=2}; then 
aA& 2, 2)= 1 +,,(12). 
y E A 
Q(y)=2 
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Defining the Jacobi theta series for y E A, 
@,,(z, z) = C qQ(~)(B(~g~J = 
XCA 
9 < 4nm 
(q = e2ni7, z E H, [ = ezniz), 
we have a Jacobi form of weight k = N/2 and index m = Q(y) [2]. 
We abbreviate c(4nm - T*) := c(n, r). Since A does not represent 1, we 
have c(4) = c( 7) = c( 8) = 0. Furthermore we have 
4c(12)+c(15)=7904. 
Prooj Schoeneberg’s result [7] shows that for any aE V, 
(Bk aI2 - $j Hx, xl B(a, a)) q” 
Q(x)=n 
is an (ordinary) cusp form of weight 22, therefore a multiple of A!?,,,. 
Specializing a = y E A with Q(y) = 2 we get for n = 2 
xFA B(x,Y)‘=g #{x-wW=2) 
Q(x)=2 
=$39,600= 15,840, 
which is equivalent to our claim. 
It follows that c( 12) 6 7904/4 = 1976. 
Thus 
a,&, 272) = 1 cQ, y( 12) < 1976 .39,600 = 78,249,600. 
YEA 
Q(v)=2 
But there are more than 8.45. 105’ extremal lattices in dimension 40 [S, 
p. 203. Therefore by Dirichlet’s drawer principle we have an,(2, 2,2) = 
a,&, 2,2) and aA, (*) = L$?i for non-equivalent lattices A, and AZ. 
In dimension N = 64 
Examples of A,, A2 such that c # 0 are not reported in the literature. 
Nevertheless it is conjectured that the situation is similar to that in dimen- 
sion 40. 
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If there exist extremal lattices Ai in dimension 80 then 
In dimension 88 we have (again hypothetically) 
9(2)-9(*)=cl&‘$~;10+C x* x2Al A2 2 10 12’ 
But before further studies are started the question of the existence of 
extremal lattices in dimensions 72, 80, 88, ,.. should be looked at. 
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